There is a growing literature on the statistical analysis of data from association-football/soccer games, seasons or groups of seasons. In contrast this paper is concerned with a single play, that is a sequence of successful passes. The play studied contained 25 passes and ended in a goal for Argentina in World Cup 2006. One question addressed is how to describe analytically the spatialtemporal movement of such a particular sequence of passes.
Introduction
The 2006 World Cup included some grand moments. One of the most spectacular was the 25-pass scoring play of Argentina in the Serbia-Montenegro (S-M) game on 16 June. The shot that ended the play was a goal scored by Cambiasso, but some 8 players worked hard to get the ball into position for his shot. The play has been described as: "one of the all time great World Cup goals", "the play of the tournament", "a joy forever", "a glorious goal", "mesmerizing", and "a string of pearls". Not long after the game, sketches of the path of the ball started to appear in newspapers (e.g. Expressen, Sweden) and magazines (e.g. Cambio, Columbia). Purposes of this paper are to develop an analytic description and model for such a play and to explore its uses, e.g. for simulation of plays where the ball changes sides.
The play began in the Argentine half of the field with Maxi passing back to Heinze. The sequence of players involved then was: Mascherano, Riquelme, Maxi, Sorin, Maxi, Sorin, Mascherano, Riquelme, Ayala, Maxi, Mascherano, Maxi, Sorin, Maxi, Cambiasso, Riquelme, Mascherano, Sorin, Saviola, Riquelme, Saviola, Cambiasso, Crespo, Cambiasso with Cambiasso scoring. Maxi was involved 6 times, while Requilme, Masherano and Sorin contributed 4 passes each. Videos of the goal may be found at YouTube, see YouTube (2006a YouTube ( , 2006b .
Figure 1 below provides the estimated locations of where the passes initiated during the play. (How the estimation was carried out will be described below.) The locations are denoted by small circles. Straight lines join them in order of time. The track is meant to represent the path of the ball being played about the field as seen from above. One notes that the ball generally moved towards the S-M goal with passes going off in many directions and some back passes being made. There are no very short passes, the shortest being 5.6m .
There is a growing literature on the statistical modeling of aspects of soccer matches. One highly quoted study was performed by Reep and Benjamin (1968) . They investigated data on goal scoring and lengths of passing sequences from 3213 games. They summarize the counts of successful passes by the negative binomial distribution and, for example, conclude that "it takes 10 shots to score 1 goal." Hughes, M. and Franks, I. (2005) describe the Reep and Benjamin paper as a "landmark", but in a discussion of the 'long-ball game' versus 'direct play' complain about various of Reep and Benjamin's conclusions and their impact. Lee (1997) fits Poisson models for the number of goals scored in games for the 1995-96 season to assess the strengths of various teams. Karlis and Ntzoufras (2003) fit bivariate Poissons to the pairs, (X,Y), of goals scored where X is the number of goals scored by one team and Y by the other. Hirotsu and Wright have a succession of papers.
One paper, Hirotsu and Wright (2002) , modeled the progress of play in a game as a continuous time Markov process with four states. The four states were: each team is in possession of the ball, and when each team scores a goal. Another paper, Hirotsu and Wright (2006) applies game theory to develop effective strategies. Brillinger (2006a) viewed the results of games as ordinal (win, tie, loss) and fit a model for such data to the Norwegian League results for the 2003 season. A setup of quite a different type altogether is that of Kozlov et al. (1993) . They consider an abstract version of a soccer match. The field is infinite with the usual two goals. The path of the ball is planar Brownian motion. They consider the variance of the number of goals and discuss its dependence on the width of the goal for example.
It appears that most of the existing published papers study whole games, tournaments, seasons, or groups of seasons. The initial purpose of this paper was to study that one play in that one game, but the purpose went on to include using the results to develop a flexible model including changes of possession, variable play lengths
There is concern about focusing on a highly unusual play, on an outlier.. It was unusual, it was highly exciting, it contained an unusual number of passes, and it lead to an important goal. Now in statistical data analyses an outlier is to be noted and studied. The analysis should split with a part dropping or weighting down the outlier, and a part looking into it. In DeVeaux et al (2006) Briefly, there are things to be learned by analyzing outliers.
The path in Figure 1 may be viewed as a realization of a stochastic process described by the time t i at which the i-th pass was initiated and (x(t i ),y(t i )) the location where the pass was started on the field for i = 1,…I. A statistical question is how to describe such a trajectory, that is one involving points connected by straight lines.
The approach employed here involves potential functions motivated by classical mechanics and advanced calculus. It lets one describe instantaneous velocity at an arbitrat place and time. Where will the particle head next and at what speed? This method has proven helpful in describing the motion of a broad variety of objects. Books discussing potential functions include Taylor (2005) and Stewart (1995) while Brillinger et al. (2001) the potential function approach was proposed to describe the motion of elk in a large reserve. Brillinger et al. (2006b) fits a potential function, like the one of this paper, to the motion of a Hawaiian Monk seal.
The potential plus statistical model approach allows simulation of future paths. Take the fitted potential of the play, symmetrize about the middle, use for each team (different) ends of the field. Show, with additional data, can simulate the flow in a game with the ball changing sides.
After this Introduction the sections of the paper are: The Data, Some Formal Background, Results, Further Developments, Limitations of the Study, Discussion and Summary.
The Data
Consideration turns to how the data were obtained and to providing some elementary descriptive statistics. The Argentina Serbia-Montenegro game was played at Gelsenkirchen, Germany. Their field is 105 by 68 m. The data of the play will be denoted by (t i , x(t i ), y(t i )) where (x(t),y(t)) denotes the position of the ball on the field at time t and the t i are taken to be the times at which the passes were initiated, i = 1,…,25 . There is also t 26 , the time that Cambiasso shot. Figure  1 shows the discrete location points where the passes were initiated joined by straight lines to approximate the movement of the ball.
Estimation of the (t i , x(t i ), y(t i )) was done in two parts. Both used the computer program World 3D Cup 2006 , Ascensio System Limited (2006 . First, to obtain the (x(t i ),y(t i )), screen dumps were made at the moments of pass initiation. The desired coordinates were then read off using the Windows program Paint. Next the times, t i , of initiation of the passes were estimated by running the program again, and again, stopping it at the times of pass initiation. The video moved at 25 frames per second so the times could be estimated to .04 of a second.
Figures 2, 3 and 4 present some elementary descriptive statistics concerning the play. The cumulative count panel of Figure 2 may be used to assess whether the rate of passing is changing as a function of time passed. The dashed line joining the first and last points is useful in doing this. It suggests that the rate of passing was increasing towards the final moves of the play. One also sees a long time gap in the middle. This gap corresponds to the longest pass of the play, one from Maxi to Sorin.
The right hand panel provides the stem-and-leaf of the lengths of the various passes. One sees there is an apparent minimum length and a long tail to the distribution. That there is a minimum length to the passes is also apparent in Figure 1 . The shortest pass, estimated from the data, was 5.6 m. The distribution also has a long tail with the longest pass 27.9 m . Figure 3 is a stem-and-leaf display of the times between successive paths. It will prove useful in the simulations later. One sees an outlier of 8.2 seconds and that most of the times are less than 3 seconds. Consideration next turns to the speed of motion of the ball. Figure 4 shows the estimated speed between the time points t i+1 and t i , computed as
In the left panel, speed is graphed as a function of time from start of the play and in the right as a function of distance from the S-M goal. One sees an apparent slowing after the start of the play followed by a a general speeding up of the flow of the ball as time progresses. There is a related speeding up as the ball gets closer to the S-M goal. Lowess lines, Chambers et al. (1983) , have been added to the two plots. The speed ranges from 1.87 m/sec to 15.56 m/sec. The outlier, 15.56 m/sec, at the top of both panels, is the long pass from Saviola to Cambiosso near the end of the play. 
Some Formal Background
Potential functions have long been employed in physics and engineering to describe the motion of particles. These are scalar-valued functions whose dips correspond to points of attraction and peaks correspond to points of repulsion. In the papers, Brillinger et al. (2001 ), Brillinger (2006b it was been shown that setting down a potential function allows a consequent setting down of a regression model. The approach there was motivated by consideration of stochastic differential equations. The classical potential function of Newtonian gravity is given by -1/|r| with r = (x,y), r denoting a 2D row vector and |r| = √(x 2 +y 2 ). This particular potential goes to negative infinity as |r| goes to 0. A particle moving in its field will be attracted to the origin, (0,0). A class of potential functions, of which the Newtonian is a member is provided by ± |r| θ . However the potential function that will be employed in this work includes the term α log |r| + β|r| (1) for r real-valued. With α positive it will have a point of attraction at 0. It is motivated by formulas on bird navigation in D. G. Kendall (1974) . The function is graphed in Figure 5 for the particular values α = 176.21 and β = -11.13. These values were estimated from the data at hand. In the figure one sees the function falling off slowly at first, and then rapidly as one moves from left to right. The "o" on the right is the point of attraction at 105m. with r = (x,y).This potential is linear in the parameters considerably simplifying its fitting. In the modeling of the play the S-M goalmouth, as seen in Figure 1 , is taken as the attractor.
The negative gradient of a potential function H, namely µ = = ∇ − H -(∂H/∂x,∂H/∂x), at location r gives the velocity of the object at r. Specifically it gives information on how speed and direction vary with location. It is useful to show velocity on a grid as arrows, the so-called vector field. This is another way to show the flow of motion. Vector fields are discussed in Stewart (1995) for example.
Consideration now turns to setting up a specific model for this type of data. Let r(t) denote the location (x(t),y(t)) and consider the model
for the changes of position with µ the gradient of a specified parametric potential function, i η a stochastic noise and the t i the times of pass initiation.
In the fitting and conceptualization it proves more convenient to write
This expression makes it clear that µ has the interpretation as average velocity at r. Regarding these noise values it will be assumed, for the moment, that the x-and y-components are independent normals with mean 0 and variance σ
2
. Residual plots will be employed to assess whether the variance does not appear constant. Later, expression (3) will be used for simulation purposes.
As expression (2) is linear in the parameters, so too will be its gradient with the implication that simple least squares may be used to estimate the parameters. The variance may be estimated by the standardized sum of the squared residuals of the fit of (3).
Results

Figure 6 below provides the estimated potential function, ,
H employing expressions (2) and (3). The redder/darker the colors the lower the value of Ĥ . The S-M goalmouth is a line of attraction. The distance |r| of (1) and (2) is taken to be shortest distance to the goal mouth from the location (x,y). The potential function (2) was fit by linear regression with the total number of observations 50 and 7 linear parameters. The resulting estimate is shown in Figure  6 . One sees a funneling/descending valley leading downwards toward the goalmouth. The actual path of the play is also shown. The potential estimate appears quite consistent with the data. The estimate of σ for the model (3) is = σˆ 4.27 m/s. Besides comparing the estimated function with the data, as in Figure 6 , various residual plots were prepared, e.g. residual versus time difference and versus its square root. There was no evidence that weights were needed in the model fitting. Stem and leaf displays of residuals were also examined. The variability of the xand y-noise component residuals is comparable supporting the assumption of a common σ; however there was some skewing to the left. This ultimately led to a change of noise distribution in the simulations of Section 5. The independence assumption of the x-and y-components was examined via estimating the correlation coefficient and the value obtained was -.026 . The method of simulation will be employed in the next section to assess the model fit.
The estimated vector field is shown in Figure 7 . It provides information at the selected locations on how the average speed and direction of the ball vary with location in the field. One sees average movement from the left hand side towards the S-M goal with a speeding up as one gets closer. The value being an average, the estimated speed (arrow's length) is small where there is back-and-forth motion in a particular area, for example in the middle of the top half of the field. One does see the to-ing and fro-ing in Figure 1 . 
Further Developments
It would be nice to be able to fit potential functions to the data for other segments of some game. Once the data are available a way to do the fitting is clear, but the difficulty is obtaining the data. Still one can use the potential function, estimated above, for other purposes as follows.
Concerning the play and the estimated potential function Michelle Morgan, women's soccer coach at Amherst College, remarked that its development was highly unusual in coming down just one side of the field. This behavior by the players leads to the particular shape of the estimated potential function as shown in Figure 6 . To obtain another potential function of interest one can symmetrize that estimate by reflection and addition. The result obtained is Figure 8 . Table 1 , provides estimates of the corresponding conditional probabilities of the play ending at that possession number as a function of the number of passes already completed. The numbers have the interpretation of being estimates of the probability the player will lose the ball after the indicated number of complete passes. This will be needed in the simulations to be developed. The values of the table are surprisingly constant around .3 .
Also needed are times between successive passes. These were provided in the stem-and-leaf of Figure 2 for the 25 pass play.
Simulation
One gains further understanding of a phenomenon when one can produce plausible simulations. A further objective of this work then is to be able to simulate plays similar to the Argentinean one, as well as other types of plays that might occur in the course of a game.
The estimation procedure employed was made specific by an assumption of normal noise in model (3). This meant that all the distances between successive locations were possible. However as the stem-and-leaf in Figure 2 shows, and common knowledge suggests, there typically appears to be some noticeable minimum length pass in plays. Further the definition of a pass in this paper includes the dribbling by the player receiving the ball. Dribbling adds to both the time and the distance. For this reason, in the simulations presented, a minimum pass length was employed. A few initial simulations had shown that if the length was allowed to be very short, synthetic runs did not resemble soccer plays well. A minimum length of 5m is consequently employed in the simulations.
The field's boundaries are also an issue. Plays can end: by the ball going out of bounds, by a goal, by the ball going to an opponent, and by a referee's whistle. There are various formal ways of dealing with boundaries when simulating realizations. The case of continuous time is reviewed in Brillinger (2003) . In the present case random numbers leading to passes of length less than 5m will be rejected, as will those of passes longer than 5m that go out of bounds. One effect of this is that the noise distribution now depends on the field position in contrast to that of the model (3) which assumed common variance normal errors.
The specific steps of the simulation procedure employed are:
1.The estimates α , , β γˆ, σˆ are obtained by running a standard least squares program employing the model (3). 2. The differences between the pass times employed, the t * i+1 -t * i , are sampled from those of the Argentinean play, i.e. from those of Figure 3 . 3. The starting field location of a simulation run is taken to be rˆ(t 1 ) = r(t 1 ). 4. A tentative value generated is
i = 1,… with the Z's independent bivariate standard normals. If the pass generated was less than 5m, or "the ball" goes out of bounds, then that iteration is ignored and a new Z generated. 5. A negative binomial variate is generated to determine how many passes are in a sequence. (In the simulations the probability is .2 .) 6. At this point one switches to the mirror image potential function. 7. One continues until the ball changes hands a second time.
Further Results
The results for the first six simulation runs are provided in Figure 9 . In the panels blue represents Argentina in possession of the ball and red Serbia-Montenegro. A simulation ended with either the ball changing sides a second time or a goal. As indicated at step 5 above the simulations took the conditional probability of a pass being incomplete as .2, despite .3 or so being suggested by Table 2 . This was to give the plays of Figure 9 greater length for illustrative purposes.
Panel 1 shows Argentina losing possession just as they enter the S-M half followed by an S-M shot. Panel 2 shows Argentina losing possession directly, and then an S-M shot. Panel 3 shows Argentina losing possession immediately followed by S-M doing the same. Panel 5 shows a representation like that of the actual goal with Argentina keeping the ball and shooting at the S-M goal..
In the simulations and figure one could have had the simulation run with the ball changing side more than once, but then the figures would have become cluttered. A video is called for when the ball changes hands more than twice.
Limitations of the Study
It would be remiss not to mention some of the limitations of this study. To begin, just one play is studied. The reasons for this are twofold: the excitement of the particular play and the unavailability, just now, of other data to study. As more data become available further empirical studies may be carried out directly. In the meantime the results of the 25 play analysis can be employed to generate other potential functions, as in Section 6. Also of soccer know how can be used to set down and study other potential functions. Further it can be noted that the play studied did cover much of the field and thereby contains information on the behavior of an attacking team over a substantial part of the defending teams half.
In drawing conclusions, one needs to remember that one is dealing with shots on goal, not actual goals. Shot on goals include both goals and the ball going over the crossbar. One could include goals in the simulation by having a shot become a goal with some probability, for example the 1/10 of Reep and Benjamin (1968) . Also it needs to be remembered that the dribbling after receipt of the ball is included in the definition of a pass.
There is measurement error, due to the discretization of the Ascensio representation. This could be studied in some detail, but it does not seem that the conclusions of the paper, for example Figures 6 and 7, are likely to change a great deal.
Lastly it is to be noted that formal models are but mimics of actuality. Real people are involved. There is diving, professional fouling, anticipation, and delays of the game. In the work of the paper such effects go into the error term of expression (2). 
Discussion and Summary
In this paper soccer has been viewed as a dynamical system with its details such as: regions of attraction, boundaries, and repulsion. The work of this paper suggests that there are analytic and conceptual advantages to employing a potential function in the description and simulation of the motion of a soccer ball. The potential is scalar-valued making it simpler to set down an expression for the instantaneous velocity as a function of location (x,y). Substantive knowledge may be employed to set down a form for a potential function and to interpret one that has been estimated. The method provides a flexible approach that is direct to invoke when other data sets come along.
So much is known about the particular sport of soccer that it provides a useful test case for the potential function approach in other sports' contexts. The approach could lead to comparative studies, classifications of plays, and further empirical studies. The approach has further led to a viable method for simulation, e.g. for bootstrapping and model appraisal. Details include: i) as an analytic formula, (2), is available for the potential function plays may be followed for any position (x,y) on the field, and ii) the potential function may change with time as in the simulations of Figure 9 .
One would like interpretations of the results. One can ask what might the potential function and vector field be used for and represent? Simulation use has already been emphasized. Perhaps computer-based training might be introduced to teach strategy. Perhaps the function can be used to summarize history, tactics, and even players' intuition.
Following its use in ice hockey, Thomas (2006) , possession time might be another important explanatory in broader soccer studies. The possession time of the Argentinean goal was 59.6 sec. This particular goal had substantial elements of both patience and speed.
